The Hamiltonian dynamics of classical planar Heisenberg model is numerically investigated in two and three dimensions. By considering the dynamics as a geodesic flow on a suitable Riemannian manifold, it is possible to analytically estimate the largest Lyapunov exponent in terms of some curvature fluctuations. The agreement between numerical and analytical values for Lyapunov exponents is very good in a wide range of temperatures. Moreover, in the three dimensional case, in correspondence with the second order phase transition, the curvature fluctuations exibit a singular behaviour which is reproduced in an abstract geometric model suggesting that the phase transition might correspond to a change in the topology of the manifold whose geodesics are the motions of the system. Typeset using REVT E X 1
The general problem of the relevance of microscopic dynamics to the statistical behaviour of physical systems dates back to Boltzmann's ideas at the very beginning of statistical mechanics, and is still far from being clarified and solved. Within this framework, one can extract a less general but still challenging question, i.e. whether the (microscopic) dynamical properties play some role when a given system undergoes a phase transition [1] . We show that a description of the dynamics based on simple tools of Riemannian geometry is helpful in approaching this problem and provides, through simple geometric models, an intuitive understanding of the major changes in the geometry underlying the dynamics which occur in correspondence with a phase transition.
The geometrical formulation of the dynamics of conservative systems [2] was first used by Krylov in his studies on the dynamical foundations of statistical mechanics [3] and subsequently became a standard tool to study abstract systems like Anosov flows in the framework of ergodic theory. In recent papers [4] [5] [6] the geometric approach has been extended in order to consider physical models like coupled nonlinear oscillators.
Let us briefly recall that the dynamics of N-degrees-of-freedom systems defined by a Lagrangian L = T −V , in which the kinetic energy is quadratic in the velocities, T = 1 2 a ijq iqj , can be rephrased in geometrical terms due to the fact that the natural motions are the extrema of the Hamiltonian action functional S H = L dt, or of the Maupertuis' action
In fact also the geodesics of a Riemannian manifold are the extrema of a functional: the arc-length ℓ = ds, with ds 2 = g ij dq i dq j , hence a suitable choice of the metric tensor allows for the identification of the arc-length with either S H or S M , and the geodesics with the natural motions of the dynamical system. Starting from S M we obtain the so-called Jacobi metric on the accessible configuration space, (g J ) ij = [E −V ({q})] a ij , where V (q) is the potential energy function and E is the total energy. A description of the extrema of Hamilton's action S H as geodesics of a manifold can be obtained using Eisenhart's metric [7] on an enlarged configuration spacetime ({q 0 ≡ t, q 1 , . . . , q N } plus one real coordinate q N +1 ), whose arc-length is
The manifold has a Lorentzian structure and the dynamical trajectories are recovered as the geodesics satisfying the condition ds 2 = Cdt 2 , where C is a positive constant. In the geometrical framework, the stability of the trajectories is therefore studied through the stability of the geodesics, hence it is completely determined by the curvature properties of the underlying manifold: the field J which measures the deviation between nearby geodesics obeys the Jacobi equation [8] 
where ∇˙γ stands for the covariant derivative along the geodesic γ, R is the Riemann curvature tensor, andγ is the velocity field along γ; J is commonly referred to as the Jacobi field. A remarkable simplification of this equation is obtained for isotropic manifolds, in fact the curvature term in Eq. (2) can be rewritten as R(γ, J)γ = KJ, with K a constant sectional curvature. If K is a negative constant, equation (2) has exponentially growing solutions and the geodesics are unstable. This is the origin of chaos for geodesic flows on compact hyperbolic manifolds (Anosov flows). As far as coupled nonlinear oscillators are concerned, the geometric picture is completely different because the curvatures are mainly (and in some cases strictly) positive. Actually negative curvatures are not necessary to make chaos: exponentially growing solutions of the stability equation (2) can be obtained through parametric instability even if no negative curvature is "felt" by the geodesics [4] [5] [6] . In the large N limit, and under the assumption that the manifold is nearly isotropic, this mechanism can be modeled by replacing Eq. (2) with an effective scalar Jacobi equation [5, 6] which reads
where ψ 2 ∝ |J| 2 and the "effective curvature" κ(s) is a stochastic, δ-correlated gaussian process whose mean κ 0 and variance σ κ are identified with the average and the r.m.s.
fluctuation of the Ricci curvature k R = K R /N along a geodesic: κ 0 = K R /N , and
. The exponential growth rate λ of the envelope of the solutions of Eq. (3), which in this picture is the natural estimate of the Lyapunov exponent, can be computed exactly [6] :
where
κ . Details can be found in Refs. [5, 6] . 
where i labels the sites of a d-dimensional lattice Z d , with the following choice of the potential V ( ij stands for nearest-neighbour sites):
which is the well known classical Heisenberg XY potential. We consider d = 2, 3. The symmetry group of this Hamiltonian is O(2), a continuous symmetry leading -in the limit N → ∞ -to a second order phase transition only in three dimensions, whereas in two dimensions a Kosterlitz-Thouless phase transition is expected. Molecular dynamics (MD)
simulations have been performed in the microcanonical ensemble at several values of the energy density ε = E/N using a bilateral symplectic algorithm [9] . The coupling constant reported in Ref. [12] , though a very different model is considered therein. In this respect our results for λ 1 (T ) are closer to those found for a liquid-solid first-order transition [13] .
Let us now turn to the hidden geometry of the dynamics and in particular to the complicated landscape of the ambient manifold whose "bumpiness" -quantified by σ κ -is directly 
where u, v are local coordinates on the surface (v ∈ [0, 2π] and u belongs to the domain of definition of f ε ),
and
. There is a critical value of the parameter, ε = ε c = 0, corresponding to a change in the topology of the surfaces. In particular the manifolds F ε are homeomorphic to a torus T 2 when ε < 0 and to a sphere S 2 when ε > 0. Computing the Euler-Poincaré characteristic χ by means of the Gauss-Bonnet theorem [14] , one finds χ(F ε ) = 0 if ε < 0, and χ(F ε ) = 2 otherwise.
What is the behavior of the curvature fluctuations of these surfaces when ε is varied, and in particular when ε → ε c ? Let M be a generic member of the family F ε , and let us define the fluctuations of the gaussian curvature K (see e.g. Ref. [14] for the definition of K) as
where A is the area of M and dS is the invariant surface element. This family of surfaces 
